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ABSTRACT 
Vehicle Dynamics Control (VDC) systems, also called Electronic Stability Control 
(ESC) systems, are active on-board safety systems intended to stabilize the dynamics of 
vehicle lateral motion. In so doing, these systems reduce the possibility of the driver’s 
loss of control of the vehicle in some critical or aggressive maneuvers. One approach to 
vehicle dynamics control is the use of appropriate drive torque distribution to the wheels 
of the vehicle. This thesis focuses on particular torque distribution management systems 
suitable for vehicles with independently driven wheels.  
In conducting this study, a non-linear seven degree-of-freedom vehicle model 
incorporating a non-linear tire model was adopted and simulated in the 
MATLAB/SIMULINK environment. Using this model, various VDC torque management 
architectures as well as choices of feedback controllers were studied. For the purposes of 
upper level yaw stability control design, the desired or reference performance of the 
vehicle was obtained from the steady state bicycle model of the vehicle. 
To achieve the corrective yaw moment required for directional control, four torque 
distribution strategies were devised and evaluated. For each strategy, the following 
feedback control variables were considered turn by turn: 1) yaw rate 2) lateral 
acceleration 3) both yaw rate and lateral acceleration. Standard test maneuvers such as 
fish hook maneuver, the FMVSS 126 ESC test and the J-turn were simulated to evaluate 
the effectiveness of the proposed torque distribution strategies. Effects of road friction 
conditions, yaw-controller gains, and a driver emulation speed controller were also 
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studied. The simulation results indicated that all VDC torque management strategies were 
generally very effective in tracking the reference yaw rate and lateral acceleration of the 
vehicle on both dry and slippery surface conditions. Under the VDC strategies employed, 
the sideslip angle of the vehicle remained very small and always below the steady-state 
values computed from reference bicycle model.  This rendered separate side slip angle 
control unnecessary, for the test conditions and test vehicle considered.  
The study of the various proposed independent torque control strategies presented in 
this thesis is an essential first step in the design and selection of actuators for vehicle 
dynamics control with independent wheel drives. This is true for certain power train 
architectures currently being considered for pure Electric or Hybrid Electric and 
Hydraulic Hybrid Vehicles. 
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CHAPTER 1  
INTRODUCTION 
1.1 Vehicle Stability Control 
Vehicle safety systems have evolved significantly in the past two decades. These 
safety systems are classified into passive systems (those that protect occupants in the 
event of an accident) and active systems (those that prevent the accidents by active 
intervention as pre-crash measures). One of the main trends in the recent development of 
vehicle safety systems is Vehicle Dynamics Control (VDC) to maintain vehicle stability.  
VDC, also called Electronic Stability Control (ESC), is an active safety system 
designed to reduce loss of control by correcting the onset of vehicle instability. It has the 
potential to provide benefits in many driving scenarios and road surface conditions where 
average drivers may not be able to recognize and react appropriately to correct severe 
understeering and oversteering of the vehicle. A number of studies suggest that VDC has 
the potential to reduce crashes resulting from such loss of control (1), (2), (3). ESC 
reduces the occurrence of crashes with personal injuries, especially fatal and serious 
injuries. If all vehicles were to be fitted with VDC systems, nearly one-third of all fatal 
crashes could be prevented and rollover risk can be reduced by as much as 80% as 
reported by the Insurance Institute for Highway Safety (3) . 
The need for VDC arises from situations involving non-linear changes in tire slip 
angles. The tire slip angles, and consequently, the vehicle slip angle might increase 
rapidly without a corresponding increase or even decrease in lateral forces if a vehicle 
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reaches its physical limit of adhesion between the tires and the road (4). The sensitivity of 
yaw moment to changes in steering angle becomes highly reduced. In other words, the 
effect of a given steering angle depends on the actual side slip angle (5), (6). On dry 
asphalt, vehicle maneuverability is typically lost at vehicle slip angles greater than ten 
degrees while on packed snow, vehicle maneuverability is lost at slip angles as low as 
four degrees (5). Average drivers have experience in operating the vehicle in its linear 
range in which a given steering wheel movement produces a proportional change in the 
vehicle’s heading. But at the limits of adhesion between the tires and road, they don’t 
recognize the change in the friction coefficient and have no information of the vehicle’s 
stability margin (6). During such situations, most drivers may start to panic and may react 
in a wrong way by steering too much. 
The goal of vehicle stability enhancement systems is to bring the vehicle into 
predictable regime of vehicle behavior so that drivers could maintain better control of the 
vehicle. 
The control strategy behind current vehicle stability control systems is to generate 
required corrective yaw moment in various ways and thus to reduce the deviation of 
vehicle behavior from its normal behavior. A typical example of the basic working of 
ESC systems is depicted in Figure (1). 
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 Different types of vehicle stability control systems can be identified and categorized 
as (7): 
1. Differential Braking Systems: In these systems, the required yaw moment is generated 
by applying differential braking between left and right wheels. 
2. Steer-by-Wire Systems: These systems modify the driver’s steering angle input and 
add a correction steering angle.. 
3. Active Torque-Distribution Systems: These systems can be: (a) torque vectoring 
systems which utilize the active differentials for varying the torque split through 
powertrain to achieve the desired yaw moment control or, (b) independent traction 
control systems which adopt all wheel drive technology to independently control the 
drive torque distributed to each wheel. A higher degree of freedom in the distribution of 
Figure 1 Basic Functioning of ESC, (20) 
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torques has been achieved by torque biasing differentials (8) and use of twin couplings 
which independently control the torque to each wheel of an axle (9).  
Most vehicle stability control systems in the market today are brake-based. With 
these brake-based strategies the vehicle speed is compromised. By comparison, the 
torque distribution based yaw moment control has a better vehicle speed performance and 
is gaining more visibility.  
Further enhancement in the flexibility in the distribution of torque can be made 
possible by fully independent drive torque distribution. It was noted that the emphasis of 
Four-Wheel Drive (4WD) or All-Wheel Drive (AWD) systems has shifted from traction 
performance enhancement to on-road stability and handling performance improvement 
(10). Advancement in all-wheel drive technology has made the idea of independent 
control of drive torque to each wheel realizable. 
The motive behind this thesis is to research the design of a Vehicle Dynamics 
Control system that enables independent torque control of each wheel of the vehicle 
using independent in-wheel motors. Emphasis on energy-saving and reduction in 
environmental pollution have been forcing the automotive industry to reduce exhaust 
emissions and achieve better fuel economy. The has led to the accelerated research and 
development of  hybrid electric vehicles (HEVs), electric vehicles (EVs)  fuel cell 
vehicles (FCVs), and hydraulic hybrid vehicles (HHVs) a) Electric or hydraulic 
propulsion systems employed in these vehicles can be configured with independent in-
wheel or on-board drive motors (11), (12). 
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That is, the electric or hydraulic motors of the powertrain in these vehicles can be 
integrated into each wheel or can drive each wheel independently and can be controlled 
independently (13), (14). These drive configurations allow the possibility of vehicle 
dynamics control by proportioning vehicle tractive forces via the torque applied at each 
drive wheel. The high controllability of electric or hydraulic motors (via the manipulation 
of their torque outputs) offers an opportunity to employ vehicle dynamics control by 
modulating the independent drive torque for such EVs, HEVs, FCVs or HHVs. This 
research is primarily concerned with the study of vehicle dynamics control architectures 
for such vehicles. The various architectures will be referred to as independent torque 
distribution management systems for vehicle stability. The study proposes and evaluates 
various proposed independent torque distribution strategies and would help in design and 
selection of in-wheel hydraulic or electric motors for use in EVs, HEVs, FCVs or HHVs. 
1.2 Thesis Outline: 
The following paragraphs describe the  outline of this thesis. The organization of chapters 
and the contributions of each chapter are explained in brief: 
In Chapter 2, mathematical modeling of the vehicle used for the development and 
analysis of the proposed stability control strategies is presented. The chapter details the 
non-linear vehicle model and the Pacejka tire model adopted. It also includes a discussion 
of  the vehicle dynamics control (VDC) strategies developed..  
In Chapter 3, the design of the controller for VDC is described in detail. The physics 
behind yaw moment control through transfer of longitudinal forces is described followed 
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by discussion of an existing torque ratio approach for distribution of torque. The chapter 
focuses on elaborating the differential torque transfer approach and the different torque 
distribution strategies possible within this approach. 
Chapter 4 discusses computer simulation results obtained from implementing the 
different torque distribution strategies discussed in Chapter 3. The chapter begins with 
the selection of test maneuvers for simulations. This is followed by the simulation results 
for steering inputs obtained corresponding to a modified fish-hook maneuver. The 
simulation results for different torque distribution strategies and parameters like 
controller gains and controller efforts are compared. 
Chapter 5 concludes the thesis and suggests directions for future research to further 
improve certain performance characteristics of independent torque distribution systems. 
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CHAPTER 2 
DYNAMIC SYSTEM MODELING 
In this chapter, a 7 DOF nonlinear lumped parameter vehicle model that is adopted 
and simulated in the MATLAB/SIMULINK environment is described... The model is 
used for the analysis of the independent traction control systems.  
2.1 Vehicle Model 
The vehicle model adopted includes longitudinal, lateral and yaw motions as well as 
the rotational dynamics of the four wheels. It ignores the presence of the suspension and 
so excludes the following dynamics: heave, pitch and roll of the vehicle. Figure 2 shows 
the free body diagram for the vehicle model adopted. δ is the steering angle for the front 
wheels, which is considered to be identical for each of the left and right wheels during 
high speed cornering. 
The longitudinal and lateral equations of motion for a rigid vehicle in planar motion 
can be obtained by equating total forces acting on the body in the particular direction 
(longitudinal or lateral) with the total inertia force in the respective direction. The 
effective longitudinal acceleration a includes components due to change in 
longitudinal velocity and effect produced due to the product of yaw rate and lateral 
velocity. Similarly the effective lateral acceleration a can be obtained. The total yaw 
moment acting on the vehicle can be obtained by equating the product of yaw inertia I and  the yaw acceleration Ψ  with the effective moment produced due to lateral 
and longitudinal forces and the aligning moments. These equations are given by: 
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mv  Ψ v  ∑F  F  F  F  F                                                 (2.1) mv  Ψ v  ∑F  F	  F	  F	  F	                                               (2.2) 
Rolling Direction  
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of Wheel 
Figure 2 Free Body Diagram of Vehicle Model: Applied Forces 
(Plan View) 
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IΨ  ∑M
  l F	  F	  l F	  F	   F  F                                 F  F  ∑ M
                  (2.3) 
In the above equations, the lateral and longitudinal tire forces are given in terms of 
the body-fixed co-ordinate system and are represented with a suffix ‘b’ for body. 
However, the tire forces from Pacejka Model are given in a wheel-fixed co-ordinate 
system and are represented with a suffix ‘w’ for wheel. These forces in both these co-
ordinate systems are shown in Figure 3.  
 
 
y  y  F
F
x  M
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M

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F
F
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F
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M
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
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F
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M

F
FF 
F
F
a) b) 
y	  
x  
x	  
x  y  y  
x  
Figure 3 Forces at the Road Wheel Interface   a) Forces in the Wheel Fixed Co-ordinate 
System b) Forces in the Body Fixed Co-ordinate System 
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The transformation of the forces between the two coordinate systems is given by: F  Fcos δ  F  sin δ                                                                                    (2.4) F  Fcos δ  F  sin δ                                                                                  (2.5) F    F                                                                      (2.6) F    F                                                                         (2.7) F  Fcos δ   F  sin δ                                   (2.8) F  Fcos δ   F  sin δ                                                                                 (2.9) F    F                                                                                                                (2.10) F    F                       (2.11) 
2.2 Tire and Wheel Model 
In this thesis, Pacejka (Magic Formula) formulations of tire models are used. The 
different forms are detailed in Appendix A, but the general form is:    Yx  DsinC tan+Bx  EBx  tanBx.        (2.12) 
where Y(x) is either Fx with x as longitudinal slip ratio S or Fy with x as the lateral 
slip angle α or self-aligning moment Mz with x the lateral slip angle α. The coefficients in 
the above equation in each case depend on the tire design and road and load conditions. 
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 There will certainly be normal forces acting on each wheel due to longitudinal and 
lateral accelerations (ax and ay, respectively) of the vehicle. The corresponding normal 
reactions on the sprung mass of the vehicle are shown in the free body diagram of the 
sprung mass as shown in Figure 4. 
 
 
Neglecting suspension effects and solving the moment equations in X-Z plane, these 
normal forces are given by: 
F       ma                                                                                  (2.13) F       ma                                                                                 (2.14)      F       ma                          (2.15) F       ma                                                                             (2.16) 
Fyfr 
Fyfl 
Fyrr Fyrl 
Fzfl 
l 
mg 
l h 
max 
Fzrl Fzrr 
Fzfr 
may 
d 
d 
Vehicle C.G. 
LHS RHS 
X Z 
Y 
Rear  
Front  
Right Hand Turn 
Figure 4 Free Body Diagram of Sprung Mass of vehicle 
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Each wheel in the vehicle model will have an angular acceleration corresponding to 
the torque on the wheel. These relevant equations are:  
 
 
 T  R F     Jωω                                                                                        (2.17) T  R F    Jωω                             (2.18) T  R F     Jωω                                        (2.19) T  R F  Jωω        `   (2.20) 
Jωω  wi 
FX 
R 
ω 
T 
Vw 
Ni 
= 
Figure 5 Rotational Dynamics of Wheel 
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The velocity of each wheel of the vehicle in the rolling direction of the wheel is 
given by (refer Figure 6): 
vω  v   ψ˙   cos δ  v    ψ˙ l sin δ        (2.21) vω  v   ψ˙   cos δ  v    ψ˙ l sin δ                                                (2.22) vω  v  ψ˙                              (2.23) vω  v   ψ˙                                        (2.24) 
The longitudinal slip ratio, S, at each ωheel is obtained from: 
Sω  ωω  1                                        (2.25) 
αfr 
v	  ψ˙ 
d

2  
v   ψ˙ l 
β 
δ 
v 
v 
Rolling Direction of Wheel 
vω 
v 
Heading Direction of Wheel 
C.G. of vehicle 
l  
ψ˙ l  v  
v 
αrr 
l 
Front Rear 
d2  
 
d2  
d2  
 
d2  
v 
 
Figure 6 Kinematics of Wheels and Co-ordinate Transformations  
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Sω  ωω  1                                                                                                       (2.26) Sω  ωω  1                                                                                                       (2.27) Sω  ωω  1                (2.28) 
The slip angle, α, for each wheel can be obtained from lateral and longitudinal 
components of the velocity at the wheel with respect to the C.G. of the vehicle. 
α  δ – tan 3  ψ˙   ψ˙  4                                             (2.29) 
α  δ – tan 3 ψ˙  ψ˙  4                               (2.30) 
α   tan 3 ψ˙  ψ˙  4                                       (2.31) 
α  tan 3 ψ˙  ψ˙  4                        (2.32) 
The above set of equations (2.1- 2.32) describe a non-linear model of the vehicle 
system. These equations were implemented in the graphical programming interface of 
MATLAB/ SIMULINK. The schematic of the model is illustrated in Figure . It should be 
noted that, the equations can be suitably linearized to find eigenvalues and study the 
stability of the system. 
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2.3 Vehicle Dynamics Control 
The basic functionality of vehicle dynamics control (VDC) system involves reducing 
the deviation of the vehicle behavior from its normal behavior and maintaining the 
vehicle slip angle within specified bounds. A generalized structure of VDC system is 
shown in Figure . 
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Figure 7 Schematic of Non-linear Vehicle Model in MATLAB/SIMULINK Environment, 
(18) 
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The vehicle dynamics controller (VDC) develops correcting variables like corrective 
yaw moment based on the deviation of desired and actual vehicle responses and passes 
this information to the actuators. The actuators (electric or hydraulic motors, braking 
systems etc.) manage the application and distribution of the required drive torque or 
braking effort to the wheels. 
 
Vehicle States (yaw, slip angles, etc) 
Interpretation into desired 
Vehicle Response 
Actual Vehicle 
Response 
Driver 
Deviation 
ESC Controller: Calculate Correcting 
variables 
Actuators: 
brake and 
engine 
intervention 
Figure 8 Flow Diagram of Generalized Structure of VDC  
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2.3.1 Actual Vehicle Responses  
 
In practice, the actual vehicle responses can be obtained from the measurements and 
appropriate conversions from various mounted sensors like wheel speed sensors, yaw rate 
sensor, steering angle sensor, lateral accelerometers, and online estimators, if any. In the 
simulation study of this research, the non-linear vehicle model described in Section 2.1 is 
considered to give the actual vehicle responses.  
2.3.2 Desired Responses for VDC 
 
 In practical VDC systems, the driver intended responses like steering input, torque 
and braking inputs can be use to estimate desired (target) vehicle responses based on a 
linearized and simplified model of the vehicle (15). In the simulation study of this 
research work, the desired responses are obtained from a bicycle model of the vehicle 
(which will be described later in this sub-section). The vehicle states considered in this 
study are the yaw rate, lateral acceleration and side slip angle of the vehicle.  The VDC 
system is aimed at minimizing the need for the driver to act thoughtfully in panic 
situations. Considering this requirement, the driver has been deliberately excluded from 
all analysis of the VDC systems in this thesis. 
The state space representation of the bicycle model used to generate desired or target 
responses is given by (16), (17): 
5βr 7  8a11    a12a21   a22: 8βr:  8b1b1: δ                                                                          (2.33) 
where   
18 
 
a11   C  Cm < v     
 a12    31  1m < v < C1 < lf   C2 < lr  4  
a21  3lf  < C1  lr  < C2IZZ 4 
a22  3C1 < lf  2  C2 < lr 2IZZ < vx 4 
b1   C1m < vx 
b2  C1 < lf  IZZ  
In most cases, the desired responses of the state variables are chosen from steady 
state values of the bicycle model. For a given road wheel steering angle δ, the following 
desired states are defined (and can be extracted from the state space model given above): 
1. Desired yaw rate (rd : 
rd  vxδlKusvx2                                                                                                              (2.34) 
2. Desired lateral acceleration ayd 
ayd  vx2δlKusvx2                                                                                                               (2.35) 
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3. Desired sideslip angle: 
βd  = lf  lr    llf  mvx2lr C2 δl2  m lf  C2lr  C1vx2>          (2.36) 
                   
The respective errors in some desired variables are defined as follows. The lateral 
acceleration error is:  eay  ay  ayd            (2.37) 
The yaw rate error is: 
er  r rd                                                                                            (2.38) 
   ay and  r are the actual values of the corresponding vehicle states (lateral 
acceleration and yaw rate respectively) obtained from actual vehicle model. The lateral 
acceleration error, eay  and yaw rate error er  are the feedback variables used in VDC 
design as will be detailed below. 
2.3.3 Architecture of VDC 
This sub-section describes the control architecture adopted in this research. This is 
depicted in Figure 9. 
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2.3.3.1 Upper Controller 
The objectives of the upper controller are to ensure yaw stability control by 
commanding desired value of yaw moment and passing it to the lower controller. Inputs 
to the upper controller are the desired vehicle states defined in control law and the actual 
states of the vehicle. In this research, a PID controller is used as the upper controller to 
develop the corrective yaw moment which is then passed to the lower controller 
(explained in further detail in Chapter 3). 
2.3.3.2  Lower Controller 
The lower (level) controller ensures that the corrective yaw moment demanded by 
the upper controller is converted to a demanded action on a lower level physical vehicle   
parameter. This parameter, which is generally a braking, driving or steering effort, should 
be properly controlled to achieve the desired corrective yaw moment with the appropriate 
actuation mechanism. In this research, the lower controller is the torque distribution 
management system that manages the torque distribution between the all wheels to 
Desired States  
Actual States  
Upper 
Controller 
Lower 
Controller 
Vehicle 
Model Actuator 
+ - 
Figure 9 Schematic of ESC Control Architecture 
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achieve the desired yaw moment. This lower level controller is explained in further detail 
in Chapter 3. 
2.4 Chapter Summary 
This chapter described the mathematical modeling of vehicle (7-DOF non-linear 
model).  A generalized structure of VDC as studied in this research was described along 
with the discussion of how the desired states are extracted from the reduced bicycle 
model of the vehicle. The architecture of VDC as implemented in this research was also 
discussed.  In the next chapter, the focus is on the lower level controller of the VDC 
architecture. 
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CHAPTER 3 
Vehicle Dynamics Control via Drive Torque Distribution Management 
In the previous chapter, the architecture of VDC and the concepts of upper and 
lower controllers were introduced. In this chapter, a corrective yaw-moment development 
system (upper controller design) and a torque distribution management system (lower 
controller design) are described in detail. 
3.1   Yaw Moment Control through Torque Transfer  
In this section, a physics- based description of the yaw moment control as 
achieved by differential torque management is described.  
3.1.1 Front to Rear Torque Transfer 
As more torque is transferred to the front, the longitudinal forces on the front 
wheels increase. In turn, the longitudinal slip of the front axle grows while that of the 
rear axle drops. This also leads to a decrease in the lateral forces generated by the front 
tires compared to the rear ones as explained by the friction ellipse (7), (16). Thus, 
increased torque transfer from the rear to the front wheels of the vehicle, induces an 
understeering effect. 
3.1.2 Side to Side Torque Transfer: 
The vehicle understeers when the driving torque on the outer wheel is reduced in 
comparison to that of the inner wheel due to generation of a yaw moment in the opposite 
direction of the turn. The longitudinal forces on the inner wheels increase while those on 
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the outer wheels decrease. Consequently, the lateral forces generated by inner wheels 
decrease while those of the outer wheels increase. 
As explained by equation (2.3), the differences in longitudinal forces produce a 
significant yaw moment while the differences in lateral forces, being partially 
compensating, lead to generation of small positive yaw moments. Thus, a net positive 
yaw moment in the opposite direction of motion is generated, leading to understeer.  
Active torque distribution systems utilize the physics described above for yaw 
moment control by varying the torques on individual wheels. In this research, yaw 
moment control through side to side torque transfer is proposed and various  torque 
distribution approaches are considered and analyzed. 
3. 2 Torque Distribution Approaches 
Based on the physical consequence of longitudinal force distribution discussed in 
Section 3.1, two approaches of distribution of torque to each wheel of the vehicle are 
identified and explained in the following subsections.  
3.2.1 Approach I: Variations in Torque Ratios 
This approach as explained by Osborn and Shim (18), controls the two torque 
ratios using two feedback variables. The front- rear ratio of torques, r , is controlled by 
using one of the feedback variables, the yaw rate error, while the left-right ratio of 
torques, r , is controlled by lateral acceleration error. These torque ratios are defined as 
follows. The front-rear torque ratio is the ratio of the wheel torque on the front left wheel 
to the sum of wheel torques on front left and rear left wheels. It is also the ratio of wheel 
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torque on front right wheel to the sum of wheel torque on rear left and rear right wheels. 
Similarly, the left-right torque ratio is the ratio of wheel torque on the front left wheel to 
the sum of wheel torques on front left and front right wheels. It is also the ratio of wheel 
torque on front rear left wheel to the sum of wheel torque on rear left and rear right 
wheels These ratios are mathematically expressed in the equations given below. 
r                                                                                                   (3.1) r                                                                                                      (3.2) 
Given a total driveline torque T, using the above definitions of torque ratios, the four 
individual torques on the wheels can be evaluated from the following equations: T   T r r                                   (3.3) T   T r1  r             (3.4) T   T1  r r                                                                     (3.5) T   T1  r1  r                                                                                              (3.6) 
Where T is the total torque on the vehicle.  
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The simulation results of the ‘torque-ratio’ approach described in (18)   are 
encouraging in providing effective stability control. The variation in torques is 
constrained by the two ratios in this approach and the total torque on the vehicle always 
remains constant. Thus, this approach simplifies the control problem by reducing the 
control variables from four (each of four individual wheel torques) to two (two torque 
ratios) but reduces the freedom of torque distribution by imposing the constraints on total 
torque.  
3.2.2 Approach II: Differential Torque Transfer 
The other approach of torque distribution involves differential torque transfer i.e. 
addition or subtraction of corrective torques (the torque produced by upper controller of 
VDC system) to the individual wheel torques. This approach doesn’t necessarily 
constrain the total torque to a constant value as is the case with Approach I described 
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Figure 10 Torque Ratio Approach for VDC  
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above. This approach provides an additional degree of freedom in torque distribution thus 
allowing independent torque control of each wheel. In this study, this approach has been 
closely studied and implemented in simulations. The choice of appropriate feedback 
control variables (yaw rate and lateral acceleration) that go with this approach will be 
detailed in the next sub-sections. 
Base Torque and Speed Control: 
The torque distribution strategies are analyzed and implemented with and without 
controlling vehicle speed. In practice, various standard maneuvers are executed at 
constant or nearly constant speed. Considering this need, speed control (driver 
simulation) is introduced in some of the simulated tests. A simple PID function is used 
for the speed controller. 
∆Tv   Kp_vev  K _v ? evdt Kd_v ddt ev          (3.7) 
where the error function, ev  ,is defined as the difference between the actual 
forward velocity, vx  ,and the desired (set) forward velocity of the vehicle, vx_des. 
ev  vx  vx_des                              (3.8) 
 In general, in all simulations involving speed controlled (constant speed) 
maneuvers, the total torque ∆Tv is assumed to be equally distributed between all wheels. 
Accordingly, in the case of speed controlled VDC, the distributed (speed control) torque 
is added to the corrective torques produced by the VDC to each wheel. In the case of no 
speed control, constant torques termed as ‘base torques’  are provided to each wheel and 
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added to the corrective torques produced by VDC to each wheel. The total base torques 
on the left and right sides of the vehicle are given, respectively, by: 
TL  Tfl  Trl                (3.9) 
TR  Tfr  Trr           (3.10) 
where  Tfl, Trl,Tfr,Trr  are the individual base torques acting on the individual wheels. 
3.2.2.1 Yaw Rate Control 
The difference between the actual yaw rate and the desired yaw rate is an obvious 
measure of deviation of the vehicle from its desired course and hence can be used to 
create the corrective yaw moment using an appropriate controller. In this work, the 
required differential torque, ∆T ,that would be added or subtracted to the base torques  (in 
case of no speed control) or speed control torques of the individual wheels for generating 
the desired yaw moment, is evaluated from a PID type function of yaw rate error, er and 
is given by: 
∆Tr   Kp1er  K 1 ? erdt Kd1 ddt er                                                                        (3.11) 
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Let us consider the vehicle in different scenarios, including left or right hand 
turning and understeering or oversteering behavior. The conditions can be expressed 
mathematically for the two cases as follows. 
 
Case 1: δf A 0   or   r, rdes A 0 
For the left hand turn of the vehicle as shown in region 1 of Figure 11, the 
steering angle is positive. The desired and actual yaw rates are also positive as the per the 
sign convention adopted. 
r, r  0 
δ  0,  
 
r, r  0 
δ  0,  
 
|r|   |r|  
r   r or  e  0 
 
|r|   |r|  
r   r or  e  0 
 
|r|   |r|  
r   r or  e  0 
 
|r|   |r|  
r   r or  e  0 
 
Oversteer 
Understeer 
Oversteer 
Understeer 
Region 1 
Region 2 
|r| 	  |r|  
r 	  r Or  e 	 0 
 
Desired Steer Path 
(Region 1 & 2) 
 
Figure 11 Schematic of Vehicle in Various Scenarios and Adopted Sign 
Conventions in Steady State 
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Oversteering occurs when   r A rdes  or the yaw rate error, er A 0. and the vehicle 
understeers when   r B rdes  or the yaw rate error, er B 0. 
Case 2: δf B 0   or   r, rdes B 0 
For the right hand turn of the vehicle as seen from region 2 of Figure 11, the 
steering angle is negative.  
The vehicle oversteers when |r| A |rdes|  or     r B rdes  , er B 0 . And understeering occurs 
when   r A rdes  or the yaw rate error, er A 0. 
For these scenarios, the following torque distribution strategies are conceived to achieve 
the corrective desired yaw moment.  The strategies apply the torques to the left and right 
wheels of the vehicle, irrespective of direction of turn. 
Strategy 1: Addition of corrective VDC torques only to left wheels 
In this strategy, the corrective torques are applied only to left wheels while no 
corrective torques are applied to right wheels. That is: 
TL_new  TL  ∆Tr                                             (3.12) 
TR_new   TR                                                                              (3.13) 
The controller develops appropriate differential corrective torques in order to 
achieve desired corrective yaw moment and would be positive or negative depending on 
oversteering or understeering conditions:  
∆Tr A 0                            (Oversteering condition)                                             (3.14) 
∆Tr B 0                            (Understeering condition)                         (3.15) 
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Strategy 2: Subtraction of corrective VDC torques only from right wheels 
The drive torques on left wheels are unaltered while corrective torques are applied 
only to right wheels. That is: 
TLnew  TL            (3.16) 
TR_new   TR  ∆Tr                         (3.17) 
The differential corrective torques developed by the controller to generate the 
corrective yaw moment would be: 
∆Tr A 0                              (Oversteering condition) 
∆Tr B 0                              (Understeering condition)     
Strategy 3: Switching corrective torque addition between left and right wheels 
Yaw rate control torques are applied to the left or right part of the vehicle 
depending on the sign of the yaw rate error,  er. For a positive yaw rate error 
(oversteering condition for left hand turn or understeering condition for right hand turn), 
the drive torques on the left wheels are increased while for a negative yaw rate error 
(understeering condition for left hand turn or oversteering condition for right hand turn), 
the drive torques on the right wheels are increased. 
Mathematically, these are described as follows: 
When  er A 0  ,   
TL_new   TL  |∆Tr| 
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When  er B 0  , 
TR_new  TR  |∆Tr|                                    (3.18) 
Strategy 4: Corrective VDC torques: add to left wheels and subtract from right wheels 
In this strategy, half the corrective VDC torques are added to the left wheels and 
half of them are subtracted from the right wheels. 
That is: 
TL_new  TL  ∆Tr2                                      (3.19) 
TR_new  TR – ∆Tr2                                                                                                (3.20) 
3.2.2.2 Lateral Acceleration Control 
With the lateral acceleration as the feedback variable, the required differential 
torque, ∆Tay  can be evaluated from the PID type function of lateral acceleration error, eay  
in a similar way as was done in Section 3.2.1 for yaw rate control. This torque is given 
by: 
∆Tay   Kp2eay  K2 ? eaydt Kd2 ddt eay                         (3.21) 
The four strategies for torque distribution can be similarly applied as was done in 
Section 3.2.1 for yaw rate control.  For example, a typical strategy (Strategy 4) can be 
expressed mathematically as: 
TL_new  TL  ∆Tay2            (3.22) 
TR_new  TR  ∆Tay2                                                                                                       (3.23) 
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3.2.2.3 Combined Yaw Rate and Lateral Acceleration Control 
This approach combines the Strategy 4 (corrective torques being added to left 
wheels and subtracted from right wheels) considering yaw rate error as well as lateral 
acceleration error. In so doing, this approach will also indirectly consider body side slip 
angle deviations. This can be easily understood from the mathematical expressions of 
lateral acceleration:. 
ay  vy   v < r            (3.25) 
Recall that with smaller angle approximation, for small sideslip angles,  tan β  β  vyvx                     (3.26) 
Thus, equation 3.25 can be written as: a  v < β    v < β  v < r                   (3.27) a E v < r   v < β             (3.28) 
The final wheel torques on the individual wheels can be given by: 
Tlf_new  Tlf  ∆Tr2  ∆Tay2             (3.29) 
Tlr_new  Tlr  ∆Tr2  ∆Tay2           (3.30) 
Trf_new  Trf  ∆Tr2  ∆Tay2           (3.31) 
Trr_new  Trr  ∆Tr2  ∆Tay2           (3.32) 
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3.3 Chapter Summary 
This chapter detailed some Vehicle Dynamics Control systems and strategies 
which apply independent torque distribution management systems. Generation of the 
corrective yaw moment by front to rear torque transfer and side to side torque transfer 
was described with the physics- based explanation of variations in longitudinal forces 
achieved through torque transfer. Based on the physical consequence of longitudinal 
force distribution, two approaches of distribution of torque to each wheel of the vehicle 
were identified and explained.  
The focus was on the proposed approach of differential torque transfer that 
provided an additional degree of freedom in torque distribution thereby allowing 
independent torque control of each wheel. Four torque distribution strategies for 
achieving the yaw moment control through each of the feedback control variables: yaw 
rate and lateral acceleration. The four strategies could also be applied a combined 
feedback of yaw rate and lateral acceleration for generating the desired corrective yaw 
moment. 
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CHAPTER 4 
RESULTS AND DISCUSSIONS 
In this chapter, simulation results will be presented from the different torque 
distribution strategies discussed in Chapter 3. The vehicle and tire data taken from a large 
front wheel drive saloon car, available in Appendix A of (16) , is used in the simulations.  
It is to be recalled that the response of the basic vehicle dynamics model includes 
components due to the initial conditions of vehicle states, the steering input and the 
applied individual wheel torques.  The presence or absence of a speed controller 
determines the base drive torques applied to each wheel; the speed controller is assumed 
independent of the VDC controller.  
This chapter is organized as follows. The selection of suitable test maneuvers for 
analysis is discussed first in Section 4.1. 
4.1 Selection of Test Maneuver  
In order to analyze the effectiveness of the proposed VDC strategies, standard test 
maneuvers were considered and appropriately modified as explained in this section 
4.1.1 Modified Fish-Hook Maneuver: 
A standard fish-hook maneuver test designed by National Highway Traffic Safety 
Administration (NHTSA) for inducing and analyzing dynamic rollover (19) has been 
reduced and modified appropriately to analyze the simulated VDC system. The modified 
fish hook maneuver, shown in Figure 12, includes the designed steer input to the system 
for the span of 10 sec. The maximum steer angle F A   in deg and the slope of the ramp 
35 
 
(K) in deg/s in the standard maneuver (designed for rollover studies) have been reduced 
by the factor of 6.5 for simulating test conditions for the proposed analysis. First step in 
the simulation of this test maneuver involves calculation of the road wheel angle that 
produces 0.3 g of lateral acceleration. This is known as “Slowly Increasing Steer (SIS)”. 
In the present case, it is calculated by equating the desired lateral acceleration, ayd  to 0.3 
g’s and longitudinal velocity, vx to 80 kmph. Thus, SIS = 3.8 deg of road wheel angle 
(denoted by ‘A’ in Figure 12) 
The maximum steer angle for the fish-hook maneuver is set at SIS, with a ramp 
speed of K = (720/6.5) deg/s. At the desired test speed (vx = 80 kmph), the vehicle is 
quickly ramped to this angle (A). It’s held for just 0.25 sec and is suddenly ramped to the 
opposite steer limit(-A) and held for 3 sec before the vehicle is ramped back to zero steer 
(straight-ahead) position as shown in Figure 12. 
 
Figure 12 Modified NHTSA Fish hook Maneuver Test Input 
0 1 2 3 4 5 6 7 8 9 10
-5
-3
-1
1
3
5
time (sec)
δ f
 
(de
g) 
-A
A
t3 t4 t5
t1  t2
Slope  = K deg/s
36 
 
4.1.2 FMVSS 126 ESC Test Maneuver: 
The Federal Motor Vehicle Safety Standard (FMVSS) No. 126 test for electronic 
stability control systems (20) has been modified suitably and implemented for evaluating 
the performance of proposed VDC strategies.  
In this test, a “Slowly Increasing Steer” angle is first defined as the average steering 
wheel angle (road wheel angle) associated with a lateral acceleration of the vehicle mass 
center at 0.3 g. This is determined in a similar way as was done for fish-hook maneuver  
(Section 4.1.1). That steering wheel angle is designated A and is used to define and 
evaluate the test that follows. The test includes a "Sine with Dwell" test conducted with 
"a steering pattern of a sine wave at 0.7 Hz frequency with a 400 ms delay beginning at 
the second peak amplitude" (see Figure 13). 
The original standard FMVSS 126 ESC test requires three sets of tests. It increments 
the steering angle (Slowly Increasing Steer angle) based on the logic that involves driver 
model and checking of the defined vehicle states at up to three times during the run to 
decide the success or failure of each of the tests in the series (20). 
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Figure 13 FMVSS 126 VDC Test Steer Input 
 
4.1.3 J-turn (Step Steer) 
A standard J-turn test is conducted to study the performance characteristics of a VDC 
system like its tracking ability in a sudden steer angle change (step steer). A typical step 
steer profile of road wheel angle (RWA) with the step applied at 1st sec and achieving the 
required road-wheel angle in 0.1 sec (ramp with the slope of 30 deg/s) is shown in Figure 
14.  
0 0.5 1 1.5 2 2.5 3
-4
-3
-2
-1
0
1
2
3
4
time(sec)
δ f
 
(ra
d/
s) 400 ms (Delay)
Sinusoidal Input 
(0.7 Hz with 400 ms delay)
38 
 
 
Figure 14 Step Steer Input for RWA = 3 deg 
 
4.2 Simulation of Road Surface conditions  
Different road surface conditions (different coefficients of friction between road and 
tires, µ) were simulated to evaluate the effectiveness of proposed VDC strategies.   Dry 
Surface (µ = 1), wet surface (µ = 0.6) and very slippery surface (µ = 0.3) were simulated 
using corresponding friction scaling factors in the Pacejka Tire model (21). 
4.3 Yaw Rate Control  
The torque distribution strategies developed with yaw rate control (as explained in 
Section 3.2.2.1) were simulated for different road conditions, steering inputs and 
controller gains and for cases with and without speed control (the simulation of speed 
control by the driver). 
4.3.1 VDC: Torque Distribution Strategy 4  
The VDC torque distribution strategy 4 (addition of VDC corrective torques to left 
wheels and subtraction from right wheels) has been implemented on dry surface (µ = 1) 
with the fish-hook steering input described in Section 4.1.1. 
0 1 2 3 4 5 6 7 8 9 100
1
2
3
4
Time(sec)
δ f
 
 
(R
W
A
,d
eg
)
39 
 
Figure 15 and Figure 16 show the time history plot for the yaw rate controller. They clearly 
show that the yaw rate controller has been very effective in tracking of the yaw rate and 
lateral acceleration of the vehicle. Sideslip angle of the vehicle remains very small and 
always below the steady state values computed from bicycle model as shown in Figure 
17.This renders separate β - control unnecessary for this test case and test vehicle. 
 
Figure 15 Yaw Rate Time History Plot (VDC Controlled System Vs. Desired) Torque 
Distribution Strategy 4 with Speed Control: Dry surface (µ = 1) 
 
Figure 16 Lateral Acceleration Vs. Time (VDC Controlled System Vs. Desired) Torque 
Distribution Strategy 4 with Speed Control: Dry surface (µ = 1) 
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Figure 17 Vehicle Sideslip Angle Vs. Time (VDC Controlled System Vs. Desired)Torque 
Distribution Strategy 4 with Speed Control: Dry surface (µ = 1) 
 
The control effort for this yaw-rate based VDC controller can be measured by 
looking at the torques at each wheel. Input torques to front left wheels are shown in 
Figure 18. The controller reaches peak torque levels during the times of peak steer and 
return zero steer (straight-line motion) of the maneuver. It can be seen that to achieve this 
level of yaw rate correction (for the controller gains selected, and response tracking 
achieved as shown above), the yaw rate controller exerts driving torque on left part of the 
vehicle (front and rear wheels) which indicated by positive torque peaks while applying 
significant braking torque on the right side (both, front and rear wheels) which is 
indicated by negative torque peaks in the plots shown in Figure 18. 
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Figure 18 Individual Final Wheel Torques of VDC Controlled Vehicle Torque Distribution 
Strategy 4 with Speed Control: Dry surface (µ = 1) 
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Figure 19 gives the plots of individual longitudinal wheel slip ratios with time 
corresponding to the control strategy presented above. Peak slip ratio values can be 
attributed to the peak values of corresponding individual wheel torques exerted for 
achieving required yaw correction. These slip values still remain in the linear region of Fx 
vs.- Slip ratio curve and the wheels and don’t show any tendency to lock or spin. Hence, 
additional slip control is not required in this particular scenario. 
 
Figure 19 Individual Wheel Slips (VDC: Yaw Control) Torque Distribution Strategy 4 with 
Speed Control: Dry surface (µ = 1) 
4.3.2 Effect of VDC and Speed Control  
The vehicle performance parameters, yaw rate and lateral acceleration are compared 
for the vehicle with and without VDC in the presence or absence of speed controller (the 
driver simulation of vehicle speed control at 80 kmph).  The torque distribution Strategy 
4 is implemented on the vehicle with VDC on dry surface conditions (µ = 1) using the 
steering input obtained from FMVSS 126 ESC test described in Section 4.1.2. 
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Figure 20 Yaw Rate Response (VDC Controlled and Uncontrolled) Torque Distribution Strategy 
4: Dry surface (µ = 1) 
 
The time history plot of the yaw rate response (Figure 20) clearly shows that a speed 
controlled VDC is able to return to zero steer motion (straight-line motion) and maintain 
it while the uncontrolled system cannot. The VDC controlled system tracks the desired 
yaw rate closely. 
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Figure 21 Lateral Acceleration Response (VDC Controlled and Uncontrolled) Torque 
Distribution Strategy 4 with Speed Control: Dry surface (µ = 1) 
The time history plot of lateral acceleration (Figure 21) shows that a speed controlled 
VDC can track the desired values while the uncontrolled system can’t reach higher 
desired values.  
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4.3.3   VDC For Sudden Changes In Steering Input (J-Turn) 
 
To study the tracking ability of the system for sudden changes in steering angle, the 
performance of the vehicle with VDC in presence of speed controller (driver simulation) 
and uncontrolled vehicle is compared.  The torque distribution Strategy 4 is implemented 
on the vehicle with VDC on dry surface conditions (µ = 1) using the steering input of 3 
deg RWA (road wheel angle) obtained from J-turn (step steer) test described in Section 
4.1.3. The time history plots of yaw rate, lateral acceleration and sideslip angle for first 6 
sec are shown in Figure 22, 23 and 24.The sudden change in steering angle causes the 
overshoot at 1.1 sec for selected set of higher controller gains as seen in all the plots. The 
oscillations settle down quickly and good tracking ability for yaw rate and lateral 
acceleration responses is observed. The sideslip angle remains very small. 
 
Figure 22 Yaw Rate Response to Step Steer of 3 deg RWA(VDC Controlled and Uncontrolled) 
Torque Distribution Strategy 4 with Speed Control: Dry surface (µ = 1) 
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Figure 23 Lateral Acceleration Response to Step Steer of 3 deg RWA (VDC Controlled and 
Uncontrolled) Torque Distribution Strategy 4 with Speed Control: Dry surface (µ = 1) 
 
Figure 24 Sideslip angle Response to Step Steer of 3 deg RWA (VDC Controlled and 
Uncontrolled) Torque Distribution Strategy 4 with Speed Control: Dry surface (µ = 1) 
4.3.4 Effect of Controller Gains on Performance: 
Three sets of PID Controller gains were used for comparative study of the effect of 
controller strengths on vehicle performance. Figure 25 shows the yaw rate of the vehicle 
in each case against the desired output. We can observe the improvement in the tracking 
ability and faster return to the straight-line motion with increasing controller gains. The 
resulting torques at the front left wheel are shown in Figure 26.  
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Figure  25 Yaw Rate Response: Comparison of Controller Gains (Yaw Rate Error Feedback: Dry 
surface (µ = 1)) 
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Figure 26 Torques on Front left Wheel: Comparison of Controller Gains (Yaw Rate Error 
Feedback: Dry surface (µ = 1)) 
Table 1 gives the values of the actual controller gains used and a brief summary of the 
effect of controller gains on vehicle performance. 
Table 1 Vehicle Performance for Different Controller Strengths: Yaw Rate Error Feedback 
 
Set 1  
(lowest gains) 
KP =  1000, 
KI =  1000, 
KD =  0 
Set 2  
(medium 
gains) 
KP =  1000, 
KI =  10000, 
KD =  0 
Set 3  
(highest 
gains) 
KP =  1000, 
KI= 100000, 
KD =  0 
Yaw rate tracking ability  
(deviation error ,etr  in rad2/s2) 
17.0551    11.4607 
 
    0.7107 
 
Oscillations (End of maneuver) 
   
Maximum overshoot  0.115 0.165 0.042 
Settling time 2.7 2.7 0.3 
Controller effort  required(Torques 
on front left wheels )  
(Max. Torque, Min. Torque in  Nm) 
214,-180 352,-400 352,-320 
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4.3.5 Comparison of Torque Distribution Strategies 
To compare the different yaw-control strategies discussed in Chapter 3, simulations 
were carried out with steering input designed according to FMVSS 126 test maneuver 
described before. Set1 of controller gains (the lowest set) giving with the slowest 
responses was taken to more clearly make out the differences in the results for the 
different strategies. The simulation results on dry surface (µ = 1) with and without speed 
control are discussed in the next sub-sections: 
4.3.5.1 VDC with Speed Control 
It is to be noted again that the desired speed of 80 kmph is maintained on dry surface (µ = 
1) using the speed controller during implementation of different yaw-control strategies. 
 
Figure 27 Yaw Rate Response: Comparison of VDC Strategies (Yaw Rate Error Feedback with 
Speed Control: Dry surface (µ = 1)) 
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Figure 27 shows the comparison of yaw rate responses for all control strategies along 
with the response from the respective VDC. Strategy 1, 2 and 4 show quite similar time 
history plots while strategy 3 gives much better results than all of them in terms of 
tracking ability and oscillating behavior. The vehicle returns to its straight-line motion 
very fast without any oscillations.  
Figure 28 Lateral Acceleration Response: Comparison of VDC Strategies (Yaw Rate Error 
Feedback with Speed Control: Dry surface (µ = 1))) 
Figure 28 explains similar comparisons for lateral acceleration rate response as 
observed in Figure 27. Strategy 3 shows higher overshoot at the end of maneuver but 
settles down quickly.  
In order to compare the control effort required by each control strategy, input torques 
to front left wheels in each case are plotted as shown in Figure 29. It can be seen that the 
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maximum torque required is highest for strategy 2 amongst all, while strategy 1 requires 
a lower maximum torque and the lowest straight-line torque (torque required to maintain 
the straight-line return motion). Strategy 3 shows high fluctuations in torques as this 
strategy involves a switch that selects the torque distribution strategy employed in 
strategy 1 or 2 based on yaw rate error function. This gives it properties of a variable 
structure controller, which is known to lead to control chatter for choices of high gain. 
Figure 29 Torques on Front left Wheel: Comparison of VDC Strategies (Yaw Rate Error 
Feedback with Speed Control: Dry surface (µ = 1))) 
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Figure 30 Final Torques on individual wheels: Comparison of VDC Strategies (Yaw Rate Error 
Feedback with Speed Control: Dry surface (µ = 1))) 
 
 
It should be recalled from Chapter 3 that the corrective yaw moment torques are 
added only to inner wheels for strategy 1 while they are subtracted only  from  outer 
wheels  in case of strategy 2. But as observed from Figure 30, the time history plots of the 
final torques corresponding to both of these strategies in case of each wheel are close and 
overlapping during most of the time. This can be explained as follows. The torques 
developed by speed controller are such that when the yaw rate controller corresponding 
to strategy 1 adds positive torques to the left wheels of the vehicle , the overall torque on 
the vehicle increases and hence the vehicle speed. The speed controller develops negative 
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torques and adds equally to the corrective yaw torques on all the wheels, thus the net 
torques on outer wheels are negative while those on inner wheels are positive but reduced 
accordingly. The variations in the torques on individual wheels corresponding to strategy 
2 can be explained similarly. 
To further distinguish between these strategies more clearly, speed controller is 
switched OFF and the simulations were carried out, the results of which are explained in 
the next subsection. 
 
Figure 31 Sideslip Angle Response: Comparison of VDC Strategies (Yaw Rate Error Feedback 
with Speed Control: Dry surface (µ = 1))) 
 
Figure 31 shows quite interesting results for the side angle response under yaw-rate 
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bicycle model of the vehicle during the maneuver. The yaw rate control, in these test 
cases, had the added benefit of keeping the side slip angle β small. 
Table 2 gives the summary of comparative study of the four torque distribution 
strategies for yaw rate control. Different performance evaluation parameters are defined 
in terms of deviation errors and numerical values for quantitative comparisons of outputs 
with the strategies. 
Table 2 Comparison of VDC Strategies: Yaw Rate Error Feedback 
Performance Evaluation Parameter Strategy 1 Strategy 2 Strategy 3 Strategy 4 
Yaw rate tracking ability 
(deviation error , etr  in rad2/s2) 
17.0551    17.0113 
 
   10.5320 
 
18.6099 
Lateral acceleration tracking ability 
(deviation error ,etay in m2/s4) 
10016 9392 10714 1022.1 
Oscillations (End of maneuver) 
    
Max overshoot   0.1145 0.109 No 
overshoot 
0.115 
Settling time (sec) @ 3 @ 3 @0.5 @ 3 
Controller effort for  
(Max.Torque, Min.Torque in  Nm) 
213,-180 230,-154 240,-150 210,-120 
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4.3.5.2 VDC without Speed Control 
 
Figure 32 Yaw Rate Response: Comparison of VDC Strategies (Yaw Rate Error Feedback with 
No speed control: Dry surface (µ = 1))) 
 
With the speed controller switched OFF, the resultant final wheel torques 
corresponding to each of strategies 1 and 2, on one set of wheels (right wheels in case of 
Strategy1 or left wheels in case of Strategy 2) are constant as shown in Figure 32. 
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Figure 33 Resultant Torques on Individual Wheels: Comparison of VDC Strategies (Yaw Rate 
Error Feedback with No speed control: Dry surface (µ = 1))) 
 
 
 
4.4 Lateral Acceleration Control 
Lateral acceleration control (as explained in Section 3.2.2.2) was implemented on a 
slippery surface (low-coefficient of friction, µ = 0.3) with and without speed control.  
Figure 33, 34, 35 and 36 show the results achieved by this control using torque 
distribution Strategy 4 with the vehicle speed being maintained at 40 kmph. 
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Figure 34 Yaw Rate Response (Lateral Acceleration Error Feedback with Speed Control on 
Slippery surface (µ = 0.3)) 
 
 
 
Figure 35 Lateral Acceleration Response (Lateral Acceleration Error Feedback with Speed 
Control on Slippery surface (µ = 0.3)) 
 
 
 
 
Figure 36 Sideslip Angle Response (Lateral Acceleration Error Feedback with Speed Control on 
Slippery surface (µ = 0.3)) 
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Figure 37 Resultant Torques on Individual Wheels (Lateral Acceleration Error Feedback with 
Speed Control on Slippery surface (µ = 0.3)) 
 
4.5 Combined Control (Feedback Control Using Yaw Rate and Lateral Acceleration 
both) 
Combined control (Feedback Control using Yaw Rate and Lateral Acceleration, 
both) was implemented on a slippery surface (low-coefficient of friction, µ = 0.3) with 
speed control. Figure 37, 38, 39 and 40 show the results achieved by this control using 
torque distribution Strategy 4 with the vehicle speed being maintained at 50 kmph. 
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Figure 38 Yaw Rate Response (Combined (Yaw Rate and Lat. Acc.) Error Feedback with Speed 
Control on Slippery surface (µ = 0.3)) 
 
Figure 39 Lateral Acceleration Response (Combined (Yaw Rate and Lat. Acc.) Error Feedback 
with Speed Control on Slippery surface (µ = 0.3)) 
 
Figure 40 Sideslip Angle Response (Combined (Yaw Rate and Lat. Acc.) Error Feedback with 
Speed Control on Slippery surface (µ = 0.3)) 
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Figure 41 Resultant Torques on Individual Wheels (Combined (Yaw Rate and Lat. Acc.) Error 
Feedback with Speed Control on Slippery surface (µ = 0.3)) 
 
4.6 Comparisons (Yaw Rate Control Vs. Lateral Acceleration Control Vs. Combined 
Control) 
To compare yaw moment control through the feedback control variables, yaw rate 
and lateral acceleration and combined control, simulations were carried out  on a slippery 
surface (low-coefficient of friction, µ = 0.3) without speed control. The initial conditions 
were set as vx0    50     Kmph    and  ω0   50R  500.287  174.2  rad/s. Results from the 
simulations from torque distribution Strategy 4 for each of lat acceleration control and 
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yaw rate control were plotted against combined control and presented for first few 
seconds as shown in the figures 41 and 42. 
 
Figure 42 Yaw Rate Response: Comparison of Feedback Control Techniques (Slippery surface (µ 
= 0.3) without speed control) 
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Figure 43 Lateral Acceleration Response: Comparison of Feedback Control Techniques (Slippery 
surface (µ = 0.3) without speed control) 
 
 
The yaw rate and lateral acceleration time history plots for these sets of simulation 
test conditions don’t show any significant differences. The sideslip angle of the 
uncontrolled vehicle starts deviating at the end of the maneuver and the vehicle can’t 
maintain the desired course while with any of the VDC technique limits the sideways-
drift of the vehicle as shown in Figure 44. 
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Figure 44 Sideslip Angle Response: Comparison of Feedback Control Techniques(Slippery 
surface (µ = 0.3) without speed control) 
 
The comparison of the torque profiles in Figure 45 shows that the combined control 
produces higher peaks due to high gains chosen for each of the PID gains considered. 
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Figure 45 Torques on individual wheels: Comparison of Feedback Control Techniques (Slippery 
surface (µ = 0.3) without speed control) 
 
4.7 Need of Slip Control: 
Longitudinal force coefficient µx  FxFz obtained from the Pacejka tire model has 
been plotted against longitudinal slip ratio S for the corresponding tire (equations 2.25 – 
2.28) as shown in Figure 46. The simulation results obtained using different feedback 
control variables and torque distribution strategies and presented in above sections had 
the wheel slips falling in the linear region of this curve.  
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Figure 46 Longitudinal Force Coeff. Vs Longitudinal Slip Ratio: Dry surface (µ = 1) 
Although not the focus of this research, an effort was made to control the wheel slip 
during aggressive cornering maneuvers where the wheels tend to spin or lock up, using 
PID Controllers and differential torque transfer approach but the results were not 
encouraging. Some recommendations and suggestions for future research in this area are 
given in Chapter 5. 
4.8 Chapter Summary 
The chapter presented the simulation results obtained from the different yaw moment 
control strategies. Standard test maneuvers such as fish hook maneuver, FMVSS 126 
ESC test, J-turn were appropriately modified and simulated for evaluating the 
effectiveness of proposed torque distribution strategies. Effects of road conditions, 
controller gains and speed controller were studied while analyzing the performance of 
each torque distribution strategy, comparing different strategies and comparing yaw 
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moment control through different feedback control techniques. The results showed a 
good yaw moment control and limiting the sideslip angle for the test conditions 
considered.  
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CHAPTER 5 
CONCLUSIONS AND FUTURE WORK 
This chapter provides a summary of the conclusions drawn from the research 
conducted on independent torque control systems. It also suggests directions for future 
research to further improve certain performance characteristics of the independent torque 
distribution management systems proposed in this thesis. 
5.1 Summary and Conclusions 
A restricted but significant amount of study was conducted on independent torque 
distribution management systems. In conducting this study, a non-linear seven degree-of-
freedom vehicle model and a non-linear tire model using Pacejka formulation were 
adopted.   Various vehicle dynamics control architectures were studied and applied to the 
vehicle model developed using the desired states obtained from the developed bicycle 
model of the vehicle. 
Based on the physical consequence of longitudinal force distribution, two approaches 
of distribution of torque to each wheel of the vehicle were identified. An approach of 
differential torque transfer was developed that provided an additional degree of freedom 
in torque distribution and allowed independent torque control of each wheel. Four torque 
distribution strategies for achieving the yaw moment control through each of the 
feedback control variables: yaw rate and lateral acceleration and a strategy combining 
yaw rate and lateral acceleration control were developed. The simulation responses of the 
basic vehicle dynamics model include components due to initial conditions of vehicle 
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states, steering input and applied individual wheel torques. Standard test maneuvers such 
as fish hook maneuver, FMVSS 126 ESC test, J-turn were appropriately modified and 
and simulated for evaluating the effectiveness of proposed torque distribution strategies. 
Effects of road conditions, controller gains and speed controller were studied while 
analyzing the performance of each torque distribution strategy, comparing different 
strategies and evaluating yaw moment control through different feedback control 
variables. 
The yaw rate controller was found to be effective in tracking of yaw rate and lateral 
acceleration of the vehicle on dry and slippery surface conditions. Sideslip angle of the 
vehicle remained very small and always below the steady state values computed from 
bicycle model. This rendered separate β-control unnecessary for the test conditions and 
test vehicle considered. The Strategy 4 (VDC Corrective torques being added to left 
wheels and subtracted from right wheels) was found to be the best one amongst all 
distribution strategies considering various control parameters and its ability to achieve the 
realistic results as presented in Chapter 4 of this thesis. The comparison of feedback 
control techniques revealed that the three feedback controllers (yaw, lateral acceleration 
or combined) were very close in terms of achieving VDC for the test conditions 
considered. 
The results in this research constitute first steps towards the selection of a 
combination of torque-distribution strategy and feedback controller for ensuring vehicle 
stability with independent drives.  The computed torque magnitudes and time responses 
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can be factored into the design or selection of the electric motors or hydraulic motors for 
independent drive systems. 
5.2 Future Work: 
Yaw moment control achieved through the different torque distribution strategies 
and different feedback controllers was found to be effective in tracking desired yaw rate 
and lateral acceleration on dry and slippery surface conditions for the test maneuvers and 
test vehicles simulated in this work. The performance of the system can be further 
enhanced by doing more research focused on the following areas. 
More degrees of freedom: The current vehicle model is does not include the 
suspension.  It is recognized that a realistic vehicle model with a realistic suspension 
model would bring in pitch, bounce and roll of the sprung mass, and the associated 
dynamic weight transfer effects on the transient handling dynamics.  In addition, the 
effects like roll steer and compliance steer can be studied.  
The Pacejka tire model used in this research takes into account the lateral and 
longitudinal forces and corresponding slips separately. The combined slip conditions 
should be incorporated to enhance the realistic performance of the system. Together with 
this, more severe driving scenarios like hard braking in a turn, braking on split-µ surfaces 
should be simulated to evaluate the effectiveness of the proposed VDC system.  . 
Some limited work was attempted on inner-loop on wheel slip control in this work. 
However, successful simulations were not obtained. More research needs to be carried 
out to design and successfully implement linear and non-linear controllers for controlling 
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wheel slips. Finally, the effects of motor (actuator) dynamics should also be included in 
the simulation model to further understand the hardware requirements of the system.  
The upper controllers or torque development systems in this research were simple 
PID controllers that require fine-tuning of control parameters and gain scheduling to 
handle different regimes of operation. More robust and non-linear controllers can be 
designed instead, to control non-linearities and uncertainties in the model more 
effectively. Reducing control chatter observed in the torque profiles of the torque 
distribution Strategy 3 (switching of torque addition between the left and right wheels) 
can make this strategy physically implementable. 
Finally, the analysis of the simplified vehicle model in MATLAB/SIMULINK was 
convenient; the use of vehicle dynamics simulation software like CARSIM can be very 
useful in including more detail in the vehicle model. 
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APPENDIX 
PACEJKA TIRE MODEL: LATERAL FORCE, ALIGNING TORQUE AND 
LONGITUDINAL FORCE 
Name Symbol Units 
Lateral force Fy  N 
Self aligning 
torque 
Mz N.m 
Slip angle α deg 
Vertical load F kN 
Camber angle γ deg 
 
1) Lateral Force Equations  
F  D  sinC  tanB  φ  S       (A.1) 
φ   1 –  E   α S  	  tanB  α S     (A.2) 
D   a  F
  a  F
         (A.3) 
BCD   asin 2  tan  
  1 –  a  |γ|      (A.4) 
B  	                     (A.5) 
C  a                 (A.6) 
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E   a  F
  a  F
         (A.7) 
S  a  γ a  F
  a         (A.8) 
S  a  F
  a  F
  γ a  F
  a      (A.9) 
 
2) Longitudinal Force Equations:  
F  D  sinC  tanB  φ  S                  (A.10) 
φ   1 –  E   S  S  	  tanB  S  S      (A.11) 
D   b  F
  b  F
                    (A.12) 
BCD    b  F
  b  F
  e       (A.13) 
B  	                     (A.14) 
C  b                 (A.15) 
E   b  F
  b  F
  b        (A.16) 
S  b  F
  b          (A.17) 
S  0           (A.18) 
 
3) Aligning Moment Equations:  
M
  D  sinC  tanB  φ  S       (A.19) 
D   c  F
  c  F
         (A.20) 
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BCD    c  F
  c  F
  e  1 ! c  |γ|     (A.21) 
B  	           (A.22) 
E   c  F
  c  F
  c  1 ! c  |γ|      (A.23) 
S  c  γ c  F
  c        (A.24) 
 S   c  F
  c  F
  γ c  F
  c      (A.25) 
 
The parameters a through c are numerical constants determined by flat track tire tests. 
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NOMENCLATURE 
 F      longitudinal tire force F      lateral tire force F      lateral tire force 
α   tire slip angle 
β  vehicle sideslip angle 
Mz    Total yaw moment acting on the vehicle about the z-axis v      longitudinal velocity in vehicle plane v      lateral velocity in vehicle plane a      longitudinal acceleration in vehicle plane a  lateral acceleration in vehicle plane 
δ   front wheel steering angle 
T   torque acting on wheel 
ω    angular speed of wheel 
S    longitudinal slip ratio 
I  total vehicle moment of inertia about the z-axis r or Ψ%   vehicle yaw rate 
m  total mass of the vehicle l   distance of front axle from C.G. of vehicle l!  distance of rear axle from C.G. of vehicle 
l   wheel base 
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h  height of C.G. of the vehicle above ground d   front wheel track d!  rear wheel track 
R  wheel radius M
"  self aligning torque of ith wheel (i = 1,2,3,4) 
g   acceleration due to gravity C, C  Cornering stiffmess of front and rear tires (averaged per axle) respectively 
Kus  understeer gradient of the vehicle  
Kp,Ki,Kd   proportional, integral and derivative gains of the PID controller 
respectively 
∆T  differential corrective torque to be transferred e , e#   errors corresponding to lateral acceleration and yaw rate control respectively. 
  
78 
 
SUBSCRIPTS 
fl   front left wheel 
fr   front right wheel 
rl  rear left wheel 
rr  rear right wheel 
L  left part of vehicle (includes front  and  rear left tires)  
R  right part of vehicle (includes front  and  rear right tires)  a      lateral acceleration control 
r         yaw rate control 
 
